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Abstract—This paper proposes a statistical estimation 
approach for the sporadic especially antitropic shapes of 
the source picture. In the field of GIS, the application 
such as the estimation of the green coverage rate in 
established districts will need the aid of the area 
estimation approach. Series of statistical estimation 
approaches have been put forward for different 
geographical regions, such as mountainous, open, and 
forested areas. However, no effective method has been 
found to function well on sporadic and antitropic regions. 
In this condition, the error brought out by the border of 
the sporadic and antitropic regions cannot be neglected, 
or the accumulation of these errors will come to be 
considerable. We propose an approach which will bring 
out no error in the calculation process. Our approach 
includes the two parts-shape dividing and area integral. 
The time cost of the shape dividing algorism is lower than 
the existing algorism in our condition. The adaptation of 
the integral approach based on the result of the shape 
dividing algorism can guarantee the accuracy of the 
statistical estimation result. 

Keywords- SAE(small area estimation),  Domain 
integral, triple integral convex vertex, Barycenter, miss rate  

I.  INTRODUCTION  
Applications of Geographic Information 

Systems(GIS) such as geographic survey, weather 
forecast, water source exploration, aerial sowing and 
artificial precipitation have become extremely 
prevalent.  

Various kinds of maps or pictures such as USGS 
Topographic maps, aerial photographs, remotely sensed 
images can easily be achieved by radars, satellites or 
some kinds sensors with the development of wireless 
sensor network. However, the crucial problem is the 
analysis of the Data but not the achievement of it.  

Although the auto-dispose and auto-analysis can 
save human work, however, the accuracy of the result 
and the cost of the algorism remains a problem which 
impedes the adaptation of it.  The main frustrating 
difficulty is the error brought out by the calculation 
process when pictures or maps are combined with 
sporadic and antitroptic shapes. The error bring out by 
the irregular boundary can be accumulated and will 
influence the following mathematical dispose process.  

Our approach is designed for the specific condition 
that the target figure or picture for calculation is full of 
sporadic and antitroptic shapes and its error rate and 
time cost lower than other approaches. 

The main idea of our approach is to adapt our 
algorism to divide the sporadic and antitroptic shape 
into triangular area, and then calculate the area integral 
on these small triangular fragments for specific 
purposes. 

II. RELATED WORKS 
The GIS system has been adapted into various of 

conditions such as the loss estimation in a earthquake, 
percentage of forest cover estimation, the extent of 
desertification, Snow Covered Area Estimation[1-3,5]. 
Some research works has been done in the area of 
medical diagnosis or organic tissue auto-analysis[4]. 
some diagnosis like the area assess of the necrotic tissue 
well greatly depend on the area estimation approach to 
give the best treatment. In these application scenes, the 
statistical estimation approach we proposed in this 
paper can be adapted which will greatly improve the 
performance and the accuracy, because there is so many 
sporadic and antitroptic shapes in these source picture 
or figure in these scenes. 

The whole process of auto-estimation includes the 
achievement of the source data, the target shape 
recognition, the basic data analysis, the calculation 
process, and the statistical analysis for specific 
application. Our work is mainly related with “the basic 
data analysis, the calculation process, and the statistical 
analysis for specific application”.  

The state-of-art machine learning methods has been 
adapted in the process of target recognition such as the 
neural network[17], the support vector machine which 
are so widely used in pattern match[6]. After the target 
area is distinguished, the source data must be disposed 
before statistical analysis. Our work is mainly related 
with the work of the period. 

There have been so many achievements in the 
estimation work of this kind. So many works are just 
based on the comparison of the source picture one and 
two. The TTK is one case of this kind. It includes two 
steps. At first the source picture is disposed through the 
canopy compensation[22-23]. Then the pixel wise 



linear interpolation is performed to compare the 
difference of the picture[24]. Then estimation result 
will be achieved. Someone has modified the approach 
into 2 order (conic) and 3 order (cubic) bivariate 
polynomials to model the area values in the 
areagram[25]. It is an implement of 2D interpolation. 
There have been some works on the squared district 
estimation[26]. Some other statistical approaches also 
been analyzed such as the 
MDLC,MLC,MLCN,MLC&PPC algorisms[19]. All 
these approaches will be with large error rate in the 
condition of pictures with sporadic and antitroptic 
shapes, on the contrary our approach get good 
performance. 

The problem like this is called the SAE(small area 
estimation) problem. However the mainly finished 
research work is about the statistical analysis of the 
predisposed data[21]. Our approach is mainly about 
how to calculate the accurate integral value on the 
sporadic and antitroptic shapes in the picture which 
includes the predispose of the source data and the 
accurate statistical calculation stage. 

Someone has adapted the approach of dividing the 
graph into convexes and then divides the convex into 
triangulations[7]. Some other researches has been done 
in the block shaped picture. 

Some research work has been done in convex 
decomposition even though there are holes in the 
graph[8]. Of course, the exact convex decomposition 
problem is NP-hard.  

However our approach is, with no doubt, better than 
the others in the picture full of sporadic and antitroptic 
shapes combined with the area integral approach we 
adapt with less time cost and low error rate.  

III. TRIANGULATION ALGORISM 

A. Original algorism 
There have been many approaches in this area 

triangular-dividing problem. They are widely used in 
the field of image processing [9].  

The most widely used method is first decomposing 
the concave shape into small convex ones which don’t 
overlap with each other. And then decompose the 
convex shape into triangular through the dynamic 
programming algorism [10-12]. Although it also works 
well with picture full of the sporadic and antitroptic 
shapes, the cost is too high for a GIS system whose 
main function is to finish the auto-analysis and data 
mining of massive data which may be achieved through 
the satellite photo taking or some newly developed 
techniques like sensor networks. 
 

 

Figure 1.  demo graph 

 
Definition:[13] 
1.  convex vertex: draw a line between one point’s 

left neighbor and right neighbor point to form a new 
shape, if this point is not in the boundary of the new 
shape, the point is called the convex vertex 

2.  n: The n donates the number of vertexes of one 
shape. 

3.  N : The N donates the number of convex vertex 
of one shape.  

 
Our algorism is search through all the vertexes of 

one shape. If one vertex is a convex vertex with its two 
neighbor vertexes, then this triangular area defined by 
the convex vertex and its two neighbor points is 
removed with the remaining vertexes unchanged. The 
program flow diagram is displayed below. 

 

 
Figure 2.   algorism diagram 

 

//********************************** 
The pseudo code is listed below: 
//********************************** 
While (finish==false) 
{ 
  While(pointNotFount) 
          { 
                   Ponit=getnextvertex(); 



                   If(IsConvexVertex(Ponit)) 
                              pointNotFount=false; 
                   else 
                              pointNotFount=true; 
} 
If(Ponit!=NULL) 
      CutConvexVertex(Ponit); 
 
If(LeftPointCount==3) 
        Finish=true; 
} 
//********************************** 

 

The original algorism has great limitation. In it we 
just search for the next convex vertex in the clock-wise 
order. The possibility of find a non-convex vertex is so 
high which greatly influence the performance of our 
algorism. So we proposed one improved algorism. 

B. Improved algorism 
Definition: 
1. barycenter[13]: The point in a system of bodies 

or an extended body at which the mass of the system 
may be considered to be concentrated and at which 
external forces may be considered to be applied. It also  
is called as barycenter centroid.  

2. centripetal distance : centripetal distance 
donates the distance from the point to the barycentor. 

3. miss rate: it donate the ratio of the condition that 
finding a non-convex vertex to a convex vertex in 
searching for the next candidates.  

 
In this improved algorism, we rank the vertex points 

of the graph by its centripetal distance from high to low. 
Then we browse all the vertexes to find the convex 
vertex. If one is found, then the triangular area defined 
by the convex vertex and its two neighbor points is 
removed with the remaining vertexes unchanged like 
the original algorism. As the vertex points in the out-
skirt area is more likely to be the convex vertexes, so 
the performance of the improved algorism can be better. 
Through comparison, we found the miss rate sharply 
declined after the modification of the algorism. More 
detail is with the experiment section. 

 

 
Figure 3.  improved algorism diagram 

C. Algorism time cost analysis 
At first, a comparison between the widely adapted 

approach and our algorism in the time cost is listed 
below. 

TABLE I.  TIME COST COMPARISON  

 
 

The traditional algorism contains two parts: 1. 
convex decomposition, 2. triangulation.  

In the phase of convex decomposition, the concave 
graph is divided into convex shapes, and the time cost is Oሺn ൅ Nଷሻ  [10]. In the phase two, they adapt the 
dynamic programming approach to divide the convex 
shape into triangular shapes which only with the time 
cost of Oሺnሻ [11]. 

 
Definition: 
1. N/n: the percentage of concave vertex in the 

graph. N and n has been defined above. 
 
The main time cost of our algorism is spent on the 

searching for the convex vertex point. The cost of other 
part of the algorism is constant level. The performance 
of the algorism is greatly related with the shape of the 
graph. It also relates with the N/n rate of the graph. The 
algorism can have the best performance if it can always 
find the convex vertex. And the algorism will have the 
worst performance if it always should browse through 
the vertex list and find the convex vertex at last. 

 
The best condition time cost is: ෍ 1୬

ୡୀଵ    n donates the vertex number 

 
The worst condition time cost is: ෍ n െ c୬

ୡୀଵ    n donates the vertex number 

 
 The average condition should be calculated: 
 We define p as the possibility that the algorism will 

find a concave vertex, so the (1-p) is the possibility for 
the convex vertex.. 

The possibility of finding the convex vertex through 
t steps search is [14]: 

 P୲ ൌ （
Nn ）

୲ିଵሺ1 െ Nnሻ 
So the expected value of search step count should 

be: 



෍ P୲୬
୲ୀଵ כ t 

The TableⅠ shows the changes of the expect value 
according to the n and N୬ value. 

 

 
 

Figure 4.   expected step count value comparison 

 
Through the figure, you can learn that the higher the N୬ rate, the higher the expect value will be. Nevertheless 

the expected value all converges to a constant value 
with n ՜ ∞. On this fact we can know the time cost of 
our algorism is Oሺnሻ rather than  Oሺnଶሻ. 

 

IV. TRIANGLE AREA INTEGRAL APPROACH 
The purpose of dividing the concave shape into 

triangular is to adapt the effective area integral 
approach which will bring no additional error into the 
result. Out approach will get the exact integral value of 
the triangular area. 

 
 

、 
Figure 5.  coordination transform demo figure 

 
We transform the canonical coordination to the 

homogeneous coordination..  
 dArea ൌ ds כ cosሺαሻ כ dv dArea ൌ hଵ כ dξଵ כ cosሺαሻ כ hଶ כ dξଶ dArea ൌ 2 כ Area כ dξଵ כ dξଶ 
 

     Through the transformation, the double 
integration are transformed into the dξଵ כ dξଶ . 

The integral variables meets the limitation[16]:  ξଵ ൅ ξଶ ൅ ξଷ ൌ 1 
Then the area integral should be transformed into 

the double integral of dξଵ כ dξଶ . 
 I ൌ න ξଵୟξଶୠξଷୡA୰ୣୟ dArea I ൌ 2A כ න න ξଵୟξଶୠଵ

଴ ሺ1 െ ξଵୟ െ ξଶୠሻଵ
଴ dξଵୟdξଶୠ 

 
Then variable substitution is performed on the basis 

of equations below: 
 ξଵ ൌ eஞమሺ1 െ ξଶሻ ֜ dξଵ ൌ ሺ1 െ ξଵሻ כ deஞమ  
     
Also the integral upper limit and lower limit are 

transformed on the equations below: 
 
If ξଵ=0 then ξଵ ൌ eஞమሺ1 െ ξଶሻ ൌ 1 
If ξଵ=1 then ξଵ ൌ eஞమሺ1 െ ξଶሻ ൌ 0 
 
         the integral formula after transformation is : I ൌ 2A כ න න eஞమ כ ሺ1 െ ξଶሻୟ כ ሺξଶሻୠ଴

ଵ
ଵ

଴ כ ሺ1 െ eஞమ כ ሺ1 െ ξଶሻ െ ξଶሻୡכ ሺ1 െ ξଶሻ deஞమdξଶ I ൌ 2A כ න න eஞమ כ ሺ1 െ ξଶሻୟ כ ሺξଶሻୠ כ ሺെ൫1 െ eஞమ൯଴
ଵ

ଵ
଴ כ ሺሺ1 െ eሻஞమሻୡሻ כ ሺ1 െ ξଶሻ deஞమdξଶ 

 I ൌ 2A כ න න ሾeஞమכୟ כ ൫1 െ eஞమ൯ୡሿሾቀሺξଶሻୠ כ ൫eஞమ൯ୠቁୡ଴
ଵ

ଵ
଴ כ ሺ1 െ ξଶሻሺୟାୡାଵሻ כ deஞమdξଶሿ 

 
Through it we can get the integral formula. Use it 

the integral result will be easily achieved. The integral 
result of this approach through the transformation is 
very accurate. A further comparison with the common 
integral approach through the definition of area integral 
will be illustrated in the next section. 

 

V. EXPERIMENT TEST 

A.  Triangulation  
The experiment is mainly about the improvement 

between the original algorism and the improved 
algorism. The miss rate is the main issue of the 
algorism. The miss rate means the times that the 
algorism search for a convex vertex but only with a 
concave one be found. In Figure 6, The red line donates 
the original algorism performance in the concave graph 
condition. The blue line demonstrate the improved 



algorism. The other 2 donate the two algorisms for the 
convex graph. The source experiment result is listed in 
the Table Ⅱ and Table Ⅲ. 

 
Theory: a convex graph will remain a convex graph 

after the removal of a convex triangle.  
 
Due to the theory mentioned above, the miss rate 

remains zero when the two algorisms are adapted in a 
convex graph. 

From the TableⅡ, Table Ⅲ and figure 6,you can 
easily find that the performance of improved algorism 
is better that the original one, although there is some 
fluctuation in the performance. 

  

 
Figure 6.  miss rate comparison 

 

TABLE II.  MISS RATE OF NORMAL ALGORISM 

 

 
 

 
 

TABLE III.  MISS RATE OF IMPROVED ALGORISM 

 
 

 
 
Due to this reason, our algorism will not account 

any miss in a convex graph. Our algorism will get the 
best performance O(n) in this condition. It can be easily 
learned from the Figure 6. 

 

 
Figure 7.  the graph to be tested 

 
 

B. Integral on triangulation 
Our approach has very low error rate. Here we 

compare it with the traditional integral approach 
through the definition of the double integral. The result 
is shown in Figure 8. The test graph is shown in Figure 
7. The traditional approach divided the plain contain the 
graph into dells, And then check whether the cell 
overlap the polygon area(contains some point in the 
polygon). If so add the area of the cell to the whole area 
estimation value. The Table Ⅳ listed the experiment 
result in estimating the area of the figure displayed in 
Figure 7. The Table Ⅳ listed the experiment result in 
estimating the integral value of the area displayed in 
Figure 7. 

 

 
Figure 8.  area estimation comparism 

 



TABLE IV.  AREA ESTIMATION THROUGH DEFINITION 

 
 
The integral test of function “Xଶ ൅ Yଶ” is done by 

these two approach. The result is shown in Figure 8. Of 
the traditional approach, the only difference between 
the area estimation and the integral estimation is to 
calculate the function value with one point in the cell 
which overlaps the polygon, and add the multiple result 
of cell area and the function value into the final result. 

 

 
Figure 9.  function integral comparison 

 

TABLE V.  INTEGRAL ESTIMATION THROUGH DEFINITION 

 
 
The green line is just overlapped with the red one, 

so you cannot clearly recognize it in the Figure 8 and 9. 
The accuracy will be proved through the increase of the 
cell count, however our approach will immediately get 
the accurate value of it. 
 

VI.  CONCLUSION 
This paper has presented our approach which 

combined with the graph decomposition and an 
accurate area integral approach. Our work is a basis for 
the future statistical analysis or graphic data mining. 
The paper has focused on the time cost of our 
triangulation algorism. And the low error rate of our 
integral approach. Our work can be summarized as a 
triangulation decomposition approach and an integral 

approach on the triangulation area. Our approach has 
been proved to be a better one than the others in the 
condition of the sporadic and antitroptic structures in 
the figure.  

In the field of SAE, a lots work remains to be 
explored. Our work is just a pioneer one. The nowadays 
approach still cannot dispose the condition with curves 
in the figure, however curve is very common in the GIS 
applications. The further work will be focused on this 
field to estimate the area of an area surrounded by the 
curve lines. 
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